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n=~k

limg oo S0, P(A,) = 00 00 limg o0 log{]["_.(1 = P(4,))} = —co OO OO
limg oo [[, (1 = P(A))=00000 1-P(U>,A4,)=00000. O
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O00000000000000000000 (convergence in distribution) 00000 O
O (convergence in law) 000000000 O

OUOEuwlidDO0000000O0DOO00ODOO0O0ODODOO0O0DOO0O0bOOO00bODbOOOO

P,O0 POODOODODOOOO
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obooooboobonb P,=PO0000000000D0O0O0DO0ODOODOO
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000000000 bOfFOO0OO0OO0O0O0O 200
lim F,(z) = F(z)

n—oo

0000000O00FR 0 POO0OOOOOO0OOOOOOOOOO0O O
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oooo F, 000000000 PR, OODOODOO FOOODOOOOD POOOD
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00X, 0 XOooobooooooboooboobbobooobooo

X, ~ X
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gbooboogooood
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00 14000 [0,1]00000000000P, 0 (n+1)000 0,1/n,2/n,...,n/n=1

0000000 1/(n+1)00000000)00000000n— o0 00P, O [0,1]
00 Lebesgue 10 000000000000
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0O00000000000000A,Ay,... € FODOODO A D A D -~ 0000
limyeo A; =N, A4, 0000000

i—00 i—00

goooooooood
00 e0odoobooooooooooooonod
00 1000 ADDOQOOO 14.(w)0D00000DOO
limsup 14, (w), ligglf 14, (w) (6)
(00 limsup, iminf 0000 (0D000)00000000O0OO)0O0O0ODOOO
limsup A, ligioglfAn
0oooooooooooooooogo
limsup 14, (w) = Liimsup, . An (w), liggolf 14, (W) = Limint, .4, (W)
gooooouoood
00 11. P(limsup,,_,. A,) > limsup,,_., P(A4,), P(liminf, ., A,) < liminf, .. P(4,)
gogo
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00 10000 (00000000)0 ofield00 (0O0OO0D0)0 o-field000O0O0O0O0O
0000000 QO00000000 AQDQOOD ADDODODO ofield0OOOOO
ooooo

00 20 Lamperti O Chapter 1, Section 1, Problem 1. (Q 00 000000O0O)

00 30 Lamperti O Chapter 1, Section 2, Problem 4. O (lim X, 00000000 “if
X,, converges almost surery” 0000 00000)

00 40X 0YOOOOOOoOOoOOXooOoooooo A(X)Oyoooooooo gy)
gbboboogobood

00 50 A%, == {w: [ X,(w) - X(w)| <} 0000X,0 XO000O0O0O0O0O0O0000

OO0 e>00000
P(J ) 4) =1

n=1m=n

gbobboogobbbodooon

p.2000000000000O0ODO0OD EucdidOO ROODODODODOOODOODOODO
(000)0OODODO0DODO0O00O0O0O0O0O0O000000 e>00000

0 (t>x+e),
—t
g (t) == -—ifif (r<t<az+e),
1 (t <x)

gbbbU0Og OOoobobooooooon

lim [ ¢.dP, = / g-dP.
R R

n—oo

goooono . .
Fn(x>:/ gEdPnS/ gEdPn

—0o0 o0

/ g.dP < F(z +¢)

[e.9]

gbobooooboboooogno

n—oo n—0oo

limsup F,,(z) < lim [ g.dP, = / gedP < F(z +¢).
R R
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limsup F,,(z) < F(x).

n—oo

gbobobod «000000bobobboogobbboogon

gad
0 (t > z),
fo(t) == _t;x (z—e<t<uz),
1 (t<z—¢)

OoOooOofDOO0O00000DOOO0ODO

lim ﬂd&:i/ﬁdP
R R

n—oo

gboobgao

Fu(z) > /_ : f.dP,

/OO fedP > F(z —¢)

gbobobobboobbobodgo

liminf £, (z) > lim [ f.dP, = / fedP > F(z —¢).
R R

n—oo n—oo

elo0db0OoOoOoOOOg
liminf F,(x) > F(z—).
+000000000F(a—)=F(z) 000000
liminf F,(x) = F(z).

n—oo

(Coo)
e>00000a,b(a<b) O

Fa)<e, F(b)>1-¢

0000 FOOOOOOOOF(z—)# F(x)0OODODO0OOOOOOOOOO (p300O
O000)00000000000 ¢, b000000D0DODOO
a, OO0 O0ODO0O0OO0,O00000D0O0DOO

F.(a) <2, F,b)>1-2¢
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sup |f(z) — f(a;)|<e (i=0,1,....,k—1)

xe[ai,a,qu]

00 «; (1=0,1,...,k) 0000 FOOOOOOOODOOOODOOO
ooof

‘ [ sar,~ [ sar

< ‘ / fdP, — / fdP‘ fdP, — / fdP‘
(—o0.a] (—o0.a] (aiaiti] (aiaiti]

+ ‘ fdpP, — fdP’ . (7)
(b,00) (b,00)

sup,.p |f(z)] < C 000000000000000000 3Ce00000000000

k-1

> / fdP, — / fdP’
i—0 1V (ai,ai41] (@i,aiy1]
k—1
>  sar-f@ [ ars@) [ am
(as,aiv1] (ai,ai11] (ai,ai11]
—/ fdP+f(ai)/ dP—f(ai)/ dP'
(aiaiy1] (ai,aiy1] (ai,aiy1]

=0
k—1
/ par=ge) [ anfa Xl [ an-ga [ ]
(ai,ait1] (ai,ait1] i=0 (as,ai41] (ai,ai+1]
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(as,a511]

<3

ar

<

(ai,a541]
=0

/ faP, ~ fa) [ ap,
(as,ait1] (as,aiy1]
k

+Z{|f a; |‘{F aip1) = Fo(ai)} = {F(aiv1) — Flai }‘}

fap - f(a) |

(ai,aiy1]

dP‘ (8)

(ai,aiy1]

0000 0000000000000 «0000000000KO0000O0O0OOOO
n0000000000@®) 00000 :0000000000000(7)00(6C+3)e
000000000000 O
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000000000 (Q,F P)0000000 X, (n=1,2,3,...)00000 XO0O0O0O
0000000P,0 X,000000P0 XO0OOOOOOOOOOPR, (n=1,2,3,...)
0O POOOOOOO

O00pF,, 000000 F, POOODDOO FOOO.ODODO e>0000
{w: X,(w) <z} C <{w:X(w)§x+€}ﬂ{Xn(w)§:c})

U ({w:X(w) >zr+4eln{w: | Xp(w) — X(w)| Zs})
C{w: X(w)<z+elU{w:|X,(w) — X(w)| >¢€}

oo
Fu(z) = P(X, < 1) < P(X <a+¢)+ P(IX, — X| > ¢)

OO0 NOODOODooOooOn>NOODOO
P(X,—X|>¢)<c¢

goobooooob n>NDOOOO
F.(x) < F(rx+¢€)+e.

gad
{w:Xp(w) <o} DH{w: X(w) <z —e} N{w: [Xp(w) = X(w)| < e}

ooo

>P({w: X(w) <z —¢e}) = P({w: [Xn(w) = X(w)[ > })

Fo(z) =P(X, < 1) > ({w X(w <x—5}ﬂ{w:\Xn(w)—X(w)]§5}>

obooboodb n>NDOOODO
F.(x) > F(x —¢) —e.
goo
F(x —¢) —e <liminf F,,(z) < limsup F,,(z) < F(z +¢) +¢

n—oo n—o0

e>00000000000D00 0 FOODODOOODODODO
lim F,(x) = F(x).

O

Lévy DOOODOODODOOODOODOOOODODOOROODODOOODOODODODOODO
gobooo
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00 (LévwyODO)OP, Q0 ROOODODODOOOF, GUOOOOODDOOOODODODOOOO
gooo

L(F,G) :=inf{h >0: F(x —h) —h < G(z) < F(x+ h)+ h for all =}

O FO GOO Lévy 00O (Lévydistance) 0O ODO0OOPDO QU Lévy OO O OO
a. 0

00 15*0L000000000000000000000000000000000
L(P,Q)<L(P,R)+L(R,Q) 00000000000

Lévy DODOOODOODOODOODODOOOOOODOODOODODOOOODOO

ooop, (n=1,2,...),PO0000 ROODODODODODODODODOODOOODOOO

P, ~» P if and only if L(P,,P)— 0.

(ooo)

gododgogouoooooooooooooooooooobuobooooooooogn
OoboboboobooboobtLevydbooooboobooboobooboobooboo
0000000000000 (total variation distance) D00 0000000000000
O000000000OH Helliger DO0OO0OOOOOO0ODOODODODOKullback-Leibler
gbbboooobbbuoooobboooobobboooobbn

00 (D0000 total variation distance)J 0000 (Q,F) 000000 P,QOO0OO

d(P,Q) := sup |[P(A) — Q(A)]

AcF

O P,QOOOO0OOO (total variation distance) D00 O00O0O0OO0O F,GOOOODO
dF,G)OOF, GOOOODOOO0ODO ROODOOOOOOOOOOOOOOO O

00 160d 000000000000000000000000000000000
d(P,Q) < d(P,R)+d(R,Q)00000000000

gbobboooobbboooobobuoooobbbuooobbboooon

001700000000 F,(n=1,2,..)0000000 FO LévyyOOOQOoOOOO
OOo0oOoboob0obo0oboooooboooDoooboboboooOo: LewyOoooogo
OOob00boboboobobouooooobobobooLévy OOobobooooogo
gboboboooooobodo
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gbbobuoooobbbuoggoboboooobboouoooobobogad

000 (Helly-Bray 00 0) {F,}(n=1,2,3,..)000000000000000000
{(n} 0000 {n)} (=1,23,..)0 ROOOOOO0O0O0O0O0O00O00 F(0<F<1)
000000000FO0000000 z00

lim F,,,(z) = F(x)
gogooooooon 0

000000000000000
00000000000000r,re,rs,... 0000{F,(r)} (n=1,2,3,...) 000

0000000{} 000000 {n(1,/)} 00000000000 {Fua;)0)} (G =

1,2,3,..)0000000000000000

L(T’l) = jli)l’{.lo Fn(l,j) (Tl)

0ooo

00000 {Fuuy(r)} (G=1,2,3,...) 00000 {Fu;()} (G =1,2,3,...) 00
00000000{n(1,)} 000000 {n(2,/)} 00000000000 {Fu,(r)}
(j=1,2,3,..)000000000000000000

L(rz) = lim Frz,j)(r2)
gooo
00000 {Fupp(s)} (G=1,23,..)0000{n2,)} 0000 {n(3,7)} 0000
{Fn(3’j)(7"3)} (j=1,2,3,..) 00000000000 L(rs) :liijOOFn(&j)(T’g) oogo
0000000000000 0000000000000000Dooo00{~}00O0O
0 {n(j,5)} (j=1,2,3,...)000000000 »0000

gooboooobboLrbbboooobobbooooobobooo
0000
F(zx) :=inf L(z)

r>x
goboobofrFOO0000bObODbO0O0O0bbObUoobobD oLFL1ObOoOg
Oo0oFfFO00OODOOO000O00O0O0O0OFUOODDODODODODOO0O0O0OUOOOOO 2
gogd
lim F(z +¢) = inf F(y).

€l0 y>
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O00F 000000z <r <y< ./ O0000ODOODOOD y, OO0 v, 0000
Fz)< L)< F(y)<L()000000000000
F(z) =inf L(r) = inf F(y) = inf F(z + ¢)

r>x y>x el0

obooorFO0booobooobooboonbon
00020 FOOOOOOOOOOOOO0OO {Fy,(@)}j=123,...0 Fa) O
gboooooobod
r0r>2000000000000
limsup F,(;j)(z) < lim F,(; ;) (r) = L(r) < F(r).
j—00

Jj—00
OO0« 0 <200000000e>00000000000000

liminf F,¢; y(x) > lm F; (") = L") > F(r' —e).
J—00 J—00
gogd
F(r' —¢e) < liminf F; j)(z) < limsup F,(; ;) (z) < F(r).

1= j—00
o000 r,7—2z0 20000000000000000000O0«z0 FOOODOO
000000
lim F,( ) (z) = F(x).

J—00

O

Helly-BrayJOOOOOO0O F(z) D00000000000000000000000
000000000000000000F(z) 00lim,,_o F(z) = 0, lim, .o F(z) = 1
0000000000000000000000000000000000000000
0000

O000O0oooooo {F.} (n=123,..)00000P, 0 F, 000000000
OoooooobogoobD e>oobbOob0 Cc>000000D0000nO0O0O

Pu([=C,C)) = Fo(C) — Fy(~C—) > 1 —¢

O0000O0oooooooo{F.}(n=123,..)0000 (tight)yDOOOOOOOOO
000000 {P)}(n=1,2,3,...)0000 (tight) 0000000000 0F,(-C—) =
lim,,_¢ F(x) 0000
O
(0DODDOD0O0O0OC0OC0ODDOO0OO0 0000000000000 0 nOO0O0O0O0OCOOOO
000 Ve>03C 3IngVn>n, 00 O0O0O0ODO)

gouogboboobuodgboobbooboboobbooboobboobooboo
gbboboodgbobobooaobo
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000 (Prohorov 000000000)00000000 {F,}(n=1,2,3,...)0000
00000000000000 FOOODOOO {F}0000000000 O

00 18. 00000 (Helly-Bray OOOOQOOO)00OCODOO

0000 (0000oo)

000000000000000000000000000000000000000
0000000000 O00O0oon

0000 X1, X,,...,X, 00000000 Gx) 000000000000 O0000
00 M, :=max{X;,Xs,...,X,} 0000000000 F,00

F(x):=P(M, <z)=[[P(X; <z) = G"(2)

=1

O000000000000000 (extreme value distribution) 0 0 0O O

010000 /e (e>0) 000000000000
l—e* (z2>0),
G(z) =
0 (x <0).

0000 X,,X,,...,X, 0000000 1/«00000000OOODOODODO M,00
obooooboonD F,00

000 n—oo0000000000O0 20000lim,.o F.(x)=00000F,000
oboooobobooboobooboobuoobuodbn—-o00 00000 M, 000
gbooboooobbbooooboboooon

00000000 M,—-allogn00000000O000OOOO

P(M, —a 'logn < z) = P(M, <z +a 'logn)
{1 — e~(aatlogn)in (3 > _q~1]ogn),
- { 0 (r < —a~tlogn).
0000{1 —e (eatlosmin — £ (1/n)e™®*}" e " (n—o00) 0000
F(z):=e° Ve e R

00000000000M,—-atlogn0000000000F(z) 000000000
gooooooog
M, —a tlogn ~ F(x)
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00000000000 0000000DO000O0 M,—-altlogn 0000 F(z) OO
000000000000000 —atlogn | —co 0000 F(z) 000000 RODO
O0000000000F(x) 0000000 (Gumbel distribution) 00000000
obobboobooboobooboon UJ

O100o0dbooobobobobobo 2z, 0n—oo00O00OO0OD0OODOODOODOO
n000000000D0Z, 00000000 bO0b0ob0oooboobLobOoboon
00o0000000o0oo0oon e, b, 00002, 00000000000 (Z,—b,)/an
00000000000 0o00o0ooooooooog a,=1,b,=atlogn 0000
oogd

g20ggoooo
l—27 (x>1),
G(z) =
0 (x <1)

(>0)000000000000000 000000000 X,Xs,...,X, 000
00 M,0000M,0000000000 F,00

1—zo (z>1),
Fn(x):{< oz
0 (x < 1).

000 n—ooc00000000000 20000lim,e F(r)=00000F, 000
000000000000000D0000000
O000n YeM, 000000000000
(1—n"tz=o)" (x> nfl/a),
P(n~YM, < x) = P(M, <n'?z) =
0 (x < n~1/e)
D000 —-n'27)" e (n—oo)0000n Y -00000000n"YM,

gooddooooooo
e ™" (z>0),
F(z) =
x <0).

0 (z<0)

0000000000000 0000000F(z) 0000000 (Frechet distribution)
000000000000000000000000000000000Oa, = nV/e,
b,=00000 O

300 1igg2000bbobooogobooog

1 (x>1)
Glz)=< 1-(1-2)* (0<z<1),
0 (x < 0).
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(«>0)00000000000 M, 0000000000 F,00

1 (x > 1),
Fo(z) = ¢ {1-(1—-2)}" (0<z<1),
0 (x <0).

O000On—o0o0000M, 00000000100 100000000000000
n'/*(M,—-1) 0000000

1 (x> 0),
P(n'*(M, —1) <2) = P(M, <n” Yoz +1) = § {1 —n"'(=2)}" (-n¥/* <2 <0),
0 (x < —n'/?).

n—ooUUOOOOOOOOOONO

1 (x > 0),
Fla) = { e~ (=% (1 <0)

O0000000000000000 (Weibull distribution) 0000000000000
0000000000000 0000 Z0O00OOUOO0OOOOOOoOOoOO Fle)OOOO
sOOooooobooooooooob—-zU0obobooooooooobobooom O

googobodbogobuoobbooboobobuoobooooboboboooboo
gbogbobodgbbobuooboobobuoobboobuoobbogbooobobboon
googgboobooogoboobbogbbuoobbuoobbuoobbodgboboogooa
gooo

000Xy, X,,..., X, 000000000 O0ODOO0OOO0OO

1 log (47 logn)
W= b, = \/2logn — BT 08T)
¢ v2logn een 2¢/2logn
ogoogao
lim P(M < 3:) —e " forall z

n—0o0 a
dodooooouoouoooooooooooooouoooooo 1—<I>(x):f;o¢(u)du
goodoooooobbbbn

1 —®(x)
lim ——————~
a0 (1/x)¢(x)
(Lamperti, Section 24, Problem 3.)

=1.

00 190X, Xs,...,X,00000000000000000000M, = max(X;, Xa, ..., X,)
0000G(x) 0 X;,00000000000000

lim e"{1 - G(z)} =¢, ¢>0

r—00
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gboooodgn
lim P(M, —log(en) <x)=e° "
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goobooggn

gooo

Galambos, J. (1987). The Asymptotic Theory of Extreme Order Statistics, 2nd ed.,

Krieger, Melbourne.
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0000000000000000 (1)0Ooooooooooooooooooooo

0 F({a})/200 F({})/20000000000000000000000

O00000000000000000000 Fourier 00 (9) 000D OO O Fourier
gbbboooobbbuoooobbboooobbbuooobobbodao
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Akn Qkn

00D000000F,(x)~ F(x) 0000000000000 k000
Fin(x) ~ F(2)

0000000 (35),(36) 000

n kbn_bn
Fin <a—x+—k> s ()
Qkn (0779
oood
O00ddOdp. 4800000000OF O F+O0o000Oooooooooog O

00 20F00000000000000000X,,X,,...000000 FOOOOO
00oo0o0o0o0ooosS, =X, +---+X,000000000000 a,>0,b,000

gooooad
Sn_bn

an

Fo(z):=P ( < a:> - F(z)

gbooboooon
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O0: 000000 (200700000000000)
00 130X,,X,,...0000 [0,1]0000000000000O0O00OO0OOOO0O0OO

lim (X7 X5 - - -Xn)l/" =e ! as.

n—oo

gooo

00 14000 [0,1]00000000000P, 0 (n+1)000 0,1/n,2/n,....,n/n=1
0000000 1/(n+1)00000000)00000000n— o0 00P, 0 [0,1]
00 Lebesgue 10 000000000000

00 190X, Xs,..., X, 00000000000000000000M, = max(X1, Xs, ..., X,)
O0000G(x) 0 X; 0000000000000O0O
lim {1 -G(z)} =¢, ¢>0

r—00

gooooooo
lim P(M, —log(cn) <x)=e¢°"

n—oo

Oogooogono
OO0 230Cauchy OO OOOOOOOO
1 c
f(@) T ra?+c?
O00D0000D0O0DO00O0Cauchy OOOQOQOOOOO

p(A) =N

(¢>0)

gbobobooagn

00 260 X1, X,,...,X, 00000000 (25 000000000000000
(X1 4+ Xo+---+X,)/m2 0000 X, 000000000000000 (24) 0000
0oo

00 270

1) X, Y OODOOOOO pyx, py O Poisson00000000000COOOOOO
X+YUOUOuoooO pux+py O Poisson0DO0OO0O0OO0OO0OO

2) Poisson 0000000000000 OOOO

0O

o1



Midterm exam (last year)

1. Explain what you know on the relations among “convergence in probability”, “al-
most sure convergence” and “convergence in the mean”. Explain the differences of

these notions using the following examples: Let w be the uniform random variable
on [0,1] and let

Xi(w) =1, X5(w) = T0,1/9)(w), X3(w) = I(1/2,1)(w),
X4(W) = 1(0,1/4] (W), X5(w) = ](1/4,1/2] (w)7X6(W) = [(1/2,3/4] (w), X7(w) = 1(3/471] (w), s
ng = _[(071/2k}(u)), e ,X2k+1_1(u)) = ](1_1/2k71] (u)), .

Yi(w) = 1,Y5(w) = 20,179 (w), Ys(w) = 2/(1 /211 (w),

Vi(w) = 410,174 (), Y5(w) = 414,72 (W), Ys(w) = 412,374 (W), Y7(w) = 413/4] (W), - -

}/Qk = 2k](071/2k](W), . ,Y2k+1_1(W) = 2k](1_1/2k71] (W), .

2. Let X1, X5,... be independent random variables having the exponential distribu-
tion: P(X >¢) =€ ¢ ¢ > 0. Let M, = max(Xy,...,X,). Obtain the limiting
distribution of M,, as n — oo after appropriate location shift (depending on n).

3. Let X be a random variable on R! and let ¢(\) = E(e™*) be its characteristic
function. Explain what you know about the “inversion theorem”. Also prove that

E[|X|" < 00 = ¢*(0) = i*E[X"].
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Homework No.2 (last year)

Prob.1. Lamperti, Sec.14, Prob.3 (p.81).

Prob.2. Prove that the set of distributions of X, X5, ... is tight if E[|X,,|] is bounded
in n. Give an example of a tight family of random variables, such that sup,, E[|X,|] = occ.

Prob.3. The proof of the inversion formula for the characteristic function in Sec.15 of
Lamperti uses convolution with the normal distribution N(0,¢?). Discuss that N(0,c?)
can be replaced by N(uo,0?), where yu is fixed and o | 0. How does this modification
affect the inversion formula if there exist point masses at « and/or 37

Prob.4. Let ¢(\) = E[e™] be the characteristic function of a symmetric random variable
on R! and suppose that
¢(A) =1 = [A[" + o(|A[")

as A — 0. What can you say about the limiting behavior of the infinite convolution of
this distribution (in view of the results on stable distribution)? Can you say something
about the behavior of the tail of the distribution of X7
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000000000000000000000000000000000 (p.4400
0)0X; (i=1,2,..)0000000000000000000000008, =X, +
Xo+--+X, 00000000 a,>0,b,000000(S,—by)/a, 1000000
0000000000000 000000000000000000000000000
000000000X, 00000000000000000000000000000
000

000X; (i=1,2,...)000000000 a,>0,b, 000000(S, —b,)/a, O
0000000 POODODDOOOX, 00000000 POOOOOOOOOOO
(domain of attraction) 0 000000000000 0000000000O00000O0
00000000000000

OO0GUOU0O0 o0bUobobOobobobobooboooboooboobOon
lim 2{1 - G(z)} =¢, ¢>0 (37)

r—00

O000000GO Cauchy OOOODOOODOOOODOOO

gbos3o0bobobooggd

L—¢(A) [ 1—cosAx
= [ = e

goobooooooboobod
dp(N) =1—cm|A|+0(A) as A—0
gaad

O03100000000000 GO Cauchy UOOOODOOODOOODO

8 Uouooonn

OO0b0o0ooooboobooboobobobooboboob 2rob0obO00 Poisson OO0
DoobobooobbooobobobooouboUub Poisson00O0ooooooonOg
gboobobuodgogbuoobobodabboobooboboobobobobbooboob
gbobobogoobbobooon

00000000000000000000000 Brown OO (Brown 000000
O000000O00)000DOD0O0OD00O00O0O0O0000000000DD LévyOQOoo
OO000b0ob0b00Léwy OO oooooOobooboobooooboobobobooogn
gboboboooobobooon

000(@O0000000)000000 FOOODOO 200000 k=2,3,...0000
00000000 G0 k0000000 GF0O0D0000FO000000 (infinitely
divisible) 0000 OODO 0J

o4



U0OPoisson DOOOOOOOO
ST i
O(N) =D e e = exp(ue — p)
n=0 )

OOooooobobono k0O00oOg

$(A) = exp(pe — ) = {exp(%eiA N %)}k

00000000 p0O Poisson 00000 p/k0 Poisson 00 A0000000O00O0O
ooooobon

gb 320000000000 b0000o0obooaobn

ob3300boboobooboobo

! /3 xp(=5) (220),

0 (x <0)

fla) =4 Tla)

OO0000000000a>0,>0000000000000000DO0DODODO
goo

00340 000000 (p.4400)00000OD00OOOOOODODODOO

O00000000000000000 (triangular array) 0000000000000
oboobooobo

0000000000 ,00000000000000000 000000 XM, X,
L xWooooooo x4+ xM+..+XxMooooooo

Fo(z) = P(XM™ + X{M 4. 4 X < 1)

O0On—-oo00000D0O0ODO0OO F(o) OOOODODDOODOFOODODODOOOODO
gooo U

(0oo)

obobooboboobobbnbObODOD Xi(n)DDDDDDDDDDDDDD
DDDDDDDDDDDDDDDDnDDDDX}n)DDDDDDDDDDDDDDDDD
obobbooboobooboobg

DoOOoboo0boo0booboobonobOobb Poissond0DO0ooooooon

0000 Poisson O 0O
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0000 X3, Xe,...0000000000000000000DO0O0ONODODO O
Poisson DO OOO0OOOOODOOOOOOODOOONDODOO

N
SN = ZXk
k=1

000000 Poissond O (compound Poisson distribution) 000 00 000 O O OPois-
sondddddddddddodoooooooobooob oo oonon
OO0O000O0O000b000b0d PoissonOOonog

SyO00000 ¢\ 00X, 000000 ¢(\) 00000

Y(X) =E(e™™) XﬁlMNN—m (N =n) (38)

i 1)\ (X14- +Xn) Z{¢ }ne—;uu’

n=0

xp(p(A) — p)

Ooo00obobooooo k000bO0ob

exp(up(N) — ) = {exp(£o(3) - 2)}*

000000000000 exp{(x/k)d(A) — (u/k)} 0000 p/k O Poisson0 0000
000000 Poisson 0 0000000000008y 000000000000000
000000000000000000000000000000 (390000000
0000000000000 0

OO00bO000b00 Poisson 0000000000 DOO0OOOO0OODObOOODOOD
goo

UO0O0b000boobobbOl PoissonOOUOOOODOO0DOODODOODO Poisson U
Oo0bObO0oooobobbbooooobobuoobobbOooobO PoissonddoonooOog
PoissonO O 0OOO0O0O0OO0O0OOOOODOOOOOOOO0ODLOOODOO0 0

(ooo)

DoO0bobooobooboboobobuobob PoissondOOO0OOOOOOODO
gbobobooooboboooobboooon

00X, (k=1,2,...)0000 1/200 —e000 1/200 e0000O0O0O0OOO0OO

OboX,ooboooobod
ie —iXe
o) = - = cos(e)
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O000ONDODOD 20 Poisson 00000000000000000000N OO
0 Sy:=>,,X, 0000000

¢%A>=:exp(6‘2¢(h)——e—2)::exp{fz§ﬁiil:;1} :

= —e 2, as € > 0 (39)

DboobobobooboboobobooobooboboobOobd Poisson OO
gbooboogoobobooad

gbouodgbboobuodboobboobuoobboobooobboobooboo
gboboboogoboboboogooboon

000 (Kolmogorov) 00 w000 ¢?0000000000000O00O00O0O v(R) =02
000 ROODODODOO vODOOOO

e 1 —i\x

$(\) = exp (ww / Tu(dx}) (40)

00000000000 ROODOOOO »0O00O0M0)00000000000O00O0OO
O000000C0O0y0000000000 canonical measure OO0 OO O

0030y 000000000000000(40)0 Poisson 000000000 ODOO
00360y 000000000000000M0)0 D0D000D0D0DO0O0OODOOO
gboboboooobbbuoooobobobooooboboooon

000 (Lévy-Khinchin) 00 000000000000000 »({0}) = 0, [22/(1 +
)v(dz) <o OOODOROODOO00 ¢,0 00000

¢u):am{kﬂ—f§A?+/<éM—qf-ikt)ym@} (41)

00000000w({0}) =0, [22/(1+22)r(dzr) <o 0000000 RODDOD v O
00000 ¢, 0000(41)00000000000000000000 0

O00000OL&wyO0O00O000O000O000O0000000000000000000
000000000000 abeRO2000000000000000000000
p.¢,p+¢=10000000000000 intensity 0 0000000000000
oooooO

Y(A) = exp (u(pe?® + ge™ — 1))
= exp (,u(p(ei’\“ —1) + q(e? — 1)))
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gooo
oooobobdd e, b0000000O0D0OOO0DOODODOODbODDbDOODbDOOOD
gbbobooogbobobuoooobon

(A) = exp (pr(p1e™ + e = 1) + pa(pae™* + g™ — 1))

~ida | i ~ - pap1 + pep2
=exp (1 + p2) (P + G = 1)),  p=1—-G="———""7
M1+ e

gboogodboobobuodgbooobuoobbouobbogboobobooboon
Oooobooboobobobobobobobobob0ob0obU0obO0obUubU intensity
gbooboogobbooogbbobooooboo

OO00000000 o0 intensity I py UO0DOO00O0O00O0O00OO0O00OO0O0DOO0ODO
Ob0O intensity 0 p, OO0 O0O00ODOOO0OO0ODOOOODOODODOOOOODOODO

P(A) = exp (i (€™ = 1) + pa(e™ — 1)) (42)

— oxp (( + p2) (P = 1)+ ¢ —1))), p=1—¢=—""
M1+ 2

gbobogogobuogbobuogbboobobboobobobbooboooboon
gbugobogbudbudgbuoobuodgbbobbobbobobb0bDU intensity
gboboboggoboooood

00000000000000000 42)000000000000000000 a
000 wy, 06000 , OOOOO0O v 00000 (42)00

o0

BN = exp ( / (€ — 1)u(de)) (43)
Jdooddobodognooogoodogob gD oo oo on

0o
e I\z

v =exp ([ (@ =1 () (44

00000000-iAz/(1+2?) 0000000 (00)00000000000000O0
00000000000 ntensity 100000000000000000000000
000000000000000 »000000000000000000000 (44)
00 v(dz) 00000000 20000 intensity 1000000

0000000 20 intensity ] 00000000000 2% 000000000
00000w(de)/2? 00000000000000000000 22(dz) 000000
0000000000000000000000000000000O0O0O0OOOOOO
0000000000000000000000000000000000O0O0OOOO0
0000000000 LévyOOO 400 00000000000000000O0000
Doo0o0o00o00
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9 Oooobn

goobooooobooboboboboboboboboooooboboboobobob
oobdboboboboboboboooooooooobobobobobobobo
0000000000000 00000000000O0O0O000D0DOoooOoOooO((@OoO
00)00000000000000000000D0DO0o0C00O0O0OO0O0O0goooo
gooogbobooboooooooboobobobobobobobobobobobo
ooog

000000000000 00000000000D00O0ORadon-Nikodym OO0 (O
O000000000ooooooooO)ooooooooo

00O0P,QUOOD0 (,F)0000000000P(E)=0000000 E€F0O
000 QE)=000000000Q0 POOOOODOO (absolutely continuous) O O
Oo0o000Q<POOODO 0J

fOooo0oO (QF P)OODODDOOCOOOOOOODO

aE) = [ far

ooooo0o (QF) 00000 POO0OOOOOOOOOOOOOOOOOOOOOO
goobogd

00 (Radon-Nikodym)O P, Q 00000 (Q,7)0000000000QO POODOO
00000007 P)0000DOOOOOD fO00000000 EcF000

F) = dP
Q(E) /E /
0000 0

0000000 (QFP) 000000 X,:Q —-RODO0 {X,: €A} (ADDOD
00000AN0O00)DOOO0O0 OOOD X,0O0OX00O0OOOOOOoooooooo Q
O o000 X0 X\ (ANeA)OOOODO (generate) c-00000000(Xy:A€eA)O
ggdn 0

0000000 o(X,:A€A)CFOOODODOODODOOO00O0(X,:AeA) O X,
(A\eA)00OD0OO0OD ¢-0000D00000000

003700000 XO0OOOOOOO0000 o-00000R DO Borel D00 X 000
0000000000000000 {C:C=XYA), AD Borel 0O } 000000
000
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0000000000000 00000000000000000000000000
00000(00000)000000000000000000000

(O, F,P)000000X O 21,29,...,2, 000000000000000Y O gy, vs,
.4, 0000000000000000000000000000000000

P(Y:yjaX:xl)

P(Y =y;|X =1;) =
0ooooog
E(Y[X =2;) =) 5 P(Y = y;|X =)
j=1

0000000000000 Z:=EB(Y|X)00X(w) =« 000000w000000
E(Y|X=2)000000000000000

000 A ={w: X(w)=2,)000000(X)00000 4 (i=1,2,...,n) 000
00000000000000000000000220000

000 i00Zw) 0 A4 00000000000000000Z(w)0 ¢(X)-0000
0ooo0

Zw)0O A, 0000000 4:=EY|X=2)00000000

/1&W:%/1MP_4 }:% Y =y, X = 2,)P(X = ;)
A; A;
—Zy] Y =y;, X —xi):/ YdP
A;

D0O0O0ECo(X)00 4 (i=1,2,...,n)00000000000000000000
00 ECcoe(X)0D000

/ 74P — / vap (45)
FE E
O0o0on0on

000000000 Z:=E(Y|X)0 ¢(X)-00000 (45 000000000000
00((@O0000)0000000000000000000000000000000
0oo

000 YO E(|Y)<eoOOOOOOOOOOO0OO0O0O000 XO0O0OO0OO0O0OO
1) z0 o(X)-00

2) DDDACU@)DDD/

ZdP = / YdP
A A
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00000000 ZzoOoOOoOOOOZz0 XO0OOOOOOO vyooooooo
(conditional expectation) O 0 0 0000 Radon-Nikodym 0000000000000
Oooooooo

0000y OoOoOoOooO cooo0o0D 1¢(w) D0O0OO0OZ0 XOOOOOOOO COo
00000 (conditional probability) D000 OO0 O

O00000000000000000000000000 X,,X,00000000(X,) =
oX,) JODOODOO0X, 00000000 YOOOOODOOOOX, 00000000
yoobooooboooobooboobooboobooobooboobbuoooobooo
Oobodb0 Xooooooooxgoooo O OO e-000000DODODOO
gooboboodgd

gbobobd o-bdgogubbbbuooooubbbbodooodgbobobodan
gbobbodbooobuooboboobuoobbooboobbogboonooboon
gbobobobouooooobbobboddd e-oobbbbuoooobobbbbuooon
gobobooogooboobod

O00YOE(|Y)<eecOOODODDODODODOF O FOOOODOOD o-0000000O0O
obog zOOO

1) z0O F-00

2) 000 ACF’DDD/

ZdP:/YdP
A A

O0000000Z0O F/UO0DDO0OO0 YOOOOOOO (conditional expectation) O O O
ooo0

0000y oOoOooo cOooo00 1«(w)0000Z0O0 FOOODOO CcoOoOO
00 (conditional probability) 0 00O OO0 O

O00Y O E(JY)) < OUODODODODODOOF O FOUOO 000000000 1),
2)00000000 ZO00OOoooooooy),2)00000000000D0O0000O0
Zh, Z, 0000

Z1=/Zy a.s.

oboobog 0J
O000O0O0O0O0E()Y))<eoOOOOOOODOY >00000000000000O0DOO
m(A) ::/Y(w)dP (46)
A

O0-000 FOOOOOOOODODOmMOOO e-000 FOOOOOODOOOOF O
Oo000oo0o0o0ooooooo0D mOO0OD0ODO0DOOPOOO o000 FODODOO
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O00000F 00000000000000000 POOODOOOO 46)000F O
oo0dm0O POOOODOOODOODODOODORadon-Nikodym DOOO0OO0O

m(A) = / Z@)dP  for all AC F
A

0000 FA-0000000 Z(w) 000000 Z(w) 00000000000 1),2)0
0000000000000000
Y>00000000000000000000000000000 Y+>0,Y">0
0000y =Y*—-Yy 000000000000YY, Y 0000000000000
000 m*,m~ 0000000Radon-Nikodym 0000000m*, m- 0000000
00 F-0000000 Z'(w), Z (w)000000Z:=Zt—2Z 00000Z(w) O
0000000000 1),2)00000000000000000
00000000000 0000000000000000000000002%, Z
D000000000000000A:={w:Z(w)>%w)} 0000040 F0OOO
00000000000000

/A Zy(w)dP = /A Y (w)dP = / Zo(w)dP

A

gooo

AQQ—%MP:O

D00ADOO Zy(w)—Ze(w) >00000P(A)=0. 000 0P({w: Zi(w) < Zs(w)}) =
00000 PHw: Z1(w) # Za2(w)}) =00 O

00000000000000000000000000000000000000
000000000000 F 00000 YOOOOOOOOO@MOooooooooo
0000)000000000000000000000000 EY|#)000000
000000F =0(X,: A€ A ODOO0OOEY|F) =EY|o(X,:AeA)D0O
E(Y|Xy:AeA)ODOOD

000000000000000000000000000000000000000
03),400000000000000

O00YDOEY)<ewOOOOOOOODOF O FOUOO o-0000D0OODOOOOO
oboooooo.

1) 000000 E(Y|[F)0Yyooooooo

2) Y>0 as. DOOOEY|F)>0 as. 0000

[EY]F) < E(Y[|F)  as.
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3) Z0O F-OOD0O0E(YZ|)<ocoO0O00O
E(YZ|F) = ZE(Y|F) as.
0000y OooOo F-O0o0ooood
EY|F)=Y a.s.
4) F'O0 FO0O0O «-ODO0OCOOO
E{E(Y|F)|F"} = E(Y|F") a.s.
0

0004 0000000000000000000000E{E(Y|F)|F'}0 F-000
00000000 AeF 0000

/ B{E(Y|F)|F"}dP = / ydp (47)

0000O0E{EY|F)|F} 0 E(Y|F)00000000000000
O00AeF 000000

/ B{E(Y|F)|F}dP — / E(Y|F)dP (48)
A A
D000 00U0o0F"cHFOOOUOODOUOO0DAe X F oooO
/ (Y| F)dP — / ydp (49)
A A
0000000000 48), (49) 000 @47) 00000 O

00380000000 3)000000(UUbbU0LD F-OOODODUODODODODOOODDOO
000 ACc B O000000YZ00000000000000D0000O00OZ0O F'-
O000000000000ooo0o0o0o0oooooooooooooooooDoon)

gooooooooboobobobobobobooooobobobobobobob
oooooboobobobobooboobobobobobobobobobobobo
obobbobooboobooboobod

0000 XO0YOUOOOOOOOOOOO f(s,t)0000f0 R2OODOOOOO
OO0bo0o0ob0obo00X=sUO00O0000000000O0 YOOOOOOoobOooogo
ooof

ﬁ;ﬁ@w&_.

EY|X =s) = ™ fend g(s

63



gooo

000 0000 ¢(X(w) 0OXOOOOO0000 YO (0000000000)000
0000000 0

000gX)00FAX)00000000000000 ACAX)D000D0

/ g(X)dP = / YdP (50)
A A
00000000000000

(X(w),Y(w)) 0 Q000 R20000000000000 p. 50000000 (50)
00000000000 Q0000000 R2000000000000000000
ACF(X)OOO0OO0O Borel DOOO ¢ OO0O0A=X"%C)00000

(50) 00000

/A Ydp = /Q Y1,dP — /R Lo () (s, ).

oo
/Ag(X)dP:/g(X)lAdP /29( Y1c(s) f(s,t)dsdt
>~ if(s,1) dtl .
// T o M
tfst&
f Fs, BT € {/ f”dt}
:/ / tf(s,t)1c(s)dtds
godooooooood ([l

10 BrownUO O GOQOD4OdQond

O0000BrownODDOOOODDOOO0ODOOOODOOOODOOODOOOODOODOO
gbogbboobuodgboboobuooboobbodgboobboobuooboon
googobodbboooboobobuoobboobobbooboobobooboon
gboogbobodboobbobobobuoobboobuoobbogboonobooon
O0000000000000000000000000ksendal (2003) D00O0O0O0OO
gbobbuoooobbbuoobobboooobbobuoooobbogao
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0000000 (QFP)O00D00O0O00OODOODOOO t(0O0O0O¢t>000000)
000000000 X={X;}> O0OO0OO (stochastic process) 00 OO O

0000000 (QFP)00000000 {Bw):¢>010000000 1,2,3,40
O000000{By(w) :t>0} 000 Brown 00O (standard Brownian motion) 0 O O
Wiener 0 0 (Wiener process) 0 0 00O

2 0<ty<t<ty<---<t,00000000 By, — By, By, — By,, ..., B, — By,
0000

3) 000 s,t>000000000 Bys—B, 000 0000 sOOOOOOOO
god

4) 00000000 weQOOOOB,=B(w)0 tOOOOOO

2)00000000000O0000DO0O0bOoOoODOO

BrownOOOODOOOOOODO (DODOODODDOOOOOODD)DOO0OO0OOOODOOO
BrownOOOOOOOODOOOOD 4)000000000000000O0OOOOOO
gboboboooobbbooon

B(w)0 wO0ODO0ODOOODOOOODOtOODOOO0ODOODOOOOOOOD tOOOO
gbobbuoooobbboooobobon

00390000 s,¢>0000 E(B,B,) =min(s,t) 100000000

0000000 (Q,F P)000 ¢-000000 {M}so 00000 0<s<t000
M,cM,0000000{M},»000000 (00000000000, filtration) O
0oo O

[DO0]Brown 00 000000000000 0000O000OOOOO OO0 Lamperti
000000000000 0000000000000000000000000000
000000000000000000 X;,X.,... 0000000 P(X;=1)=P(X; =
~1)=1/200008,=X,+--+X,000058,,5,...,5, 00000000000
0oooo 1/, 00000 1/y/R 0000000000 +/n000000000000
0000000000000000000000000000000000000000
0000000000000

1
nXx——=+yn — oo (n — 00)
n

7

gbogbogobooboobboobboobboobooobooobooooboon
gbobobouoogon
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O00O0BrownOO By(w) OOOOF :=0(B,:0<s<¢) 0 BO0000O0OOOOO
000 0

000{M}»o 00000 (9,7, P)0000000{gw)ls 000000000000
t>000000000 g(w)0 M-00000000 {g}so 0 M-00 (My-adapted)
0Doooooo 0

[ODO0]F=0(Bs:0<s<t)000000000000O0OOO¢tOOOOOOOOO
000 Bys:0<s<t000000o0ooboobooooobobobobobobonDg B
O00o00o000oo0o0o0ooooooooooooooooooooooo(mooo
0000000000000 000000)0 /R-000000

000L2%(a,b) (0<a<b)0O0O0 1,2,300000000 f={f}s 0000000

1) 00 (tw)— filw) O FxFOO000000F ORO BorelDOOOF x F O
F'O0FOOO 0000000000 »-0000000000000000)

2) Do0O0DO fOOF-00OO

mELKﬁm
O

00000feL¥a,b) 00000000 f;ftdBtDDDDDDDDDfDDDDDD
ooooobobobobobobobobobbobobobobobobobobo
goobgboobobooboboboboboboooobobobobobobo
oboooboobon

< 00.

0000000000000 0O0000OO0O0DOO000ODOO0D0DOODOOOOoOoOO
0000000 00000oooooOooOoo0 100 (10)ooooooooooooo
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